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Abstract. We apply basic notions of the theory of rough sets, due to Pawlak [30, 31], to explicate
certain properties of unification-based learning algorithms for categorial grammars, introduced in
[6, 11] and further developed in e.g. [18, 19, 24, 25, 26, 9, 28, 14, 15, 3]. The outcomes of these
algorithms can be used to compute both the lower and the upper approximation of the searched
language with respect to the given, finite sample. We show that these methods are also appropriate
for other kinds of formal grammars, e.g. context-free grammars and context-sensitive grammars.

1. Introduction

Formal learning theoryis concerned with algorithms which compute formal grammars on the basis of
finite data: finite sets of expressions from the searched language [29]. The largisggesented as an
enumeratior(e, ),c., Of all its expressions. For eaeh the algorithm is executed on inp(#y, . .., e;,)

and returns a grammdr,, from a fixed class of grammarg. The algorithm succeeds, if there exists

G € G such that is a correct grammar fob andG,, = G, for all but finitely manyn. The clasgj is

said to be (effectively) learnable, if there exists an algorithm which succeeds for any language generated
by a grammar fron§ and any possible enumeration of this language.

These are basic notions of formal learning theory, more strictly, the theory of Gold [17] of learning
from positive data and success as identification of language in the limit. We precisely define them in
section 3. Gold observed that no class of Chomsky hierarchy is learnable from positive data. Learnability
requires some additional constraints. For instance, for any integef, the class of context-sensitive
grammars with at most production rules and the class ofvalued classical categorial grammars are
learnable [34, 18, 19]. If also unrestricted negative data are admitted, then any recursively enumerable
class of grammars is learnable, whenever its universal membership problem is decidable.
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Positive learnability results often use a special property of classes of languages (grammars), called
finite elasticity Every class of grammars, satisfying the general conditions, formulated at the end of
the last paragraph, and having finite elasticity, is learnable [35, 20]. Algorithms, stemming from finite
elasticity, run through a (computable) seque(€g ),c., of all grammars fromg and return the first
grammar, compatible with the input and, possibly, fulfilling certain additional constraints.

A disadvantage of such algorithms is that the gram@igy returned on step, brings, usually, no
new information about the searched language, which is not transparent in the input data. Only the limit
grammarG = G, for all but finitely manyn, correctly describes the language. Unfortunately, except for
some very special cases, the learner does not know that the limit has already been attained. Furthermore,
such algorithms are extremely inefficient.

In this paper we show that some other algorithms can yield much more. It is expedient to use the
basic idea of rough set theory of Pawlak [30, 31]. One disposes with an incomplete knowledge about
properties of objects from some universe. A set of objéCtss represented as a pair of two sets: the
lower approximation ofX and the upper approximation of, here denoted by LAX) and UA(X),
respectively. LAX) consists of those objects which necessarily belong’tcand UA X)) of those
objects which possibly belong t&, on the basis of one’s knowledge. Rough sets were extensively
studied as a framework of knowledge representation and reasoning about data (see e.qg. [12, 33, 13, 32]).
As far as the author knows, they have not yet been applied in formal learning theory in the sense of this
paper.

The learning algorithms, based on unification, worked out for classical categorial grammars in [6, 11]
and further elaborated in [18, 19], can be arranged in such a way that, on eaghtsiepreturn a finite
description of both the lower approximation and the upper approximation of the searched language on
the basis of the input datay, . . ., e,,). These notions are precisely defined in section 3.

In section 2 we recall some basic notions of the theory of formal grammars. Section 3 discusses
learnability and related concepts. Algorithms based on unification are considered in section 4. Section 5
contains our main results for different kinds of (not only categorial) grammars.

2. Formal grammars

We start from classical categorial grammars, playing an essential role in our exposition.

Typesare formed out oatomic typegvariables)y, ¢, r, ... by means of operation symbodls/. The
type logic AB (after Ajdukiewicz [1] and Bar-Hillel [2]) is a rewriting system, based on the following
rules:

(ABL)T, A, A\B,A =T,B,A, (AB2)T,B/A,A,A =T,B,A.

I', A stand for arbitrary finite sequences of types* denotes the reflexive and transitive closure of
the relation=-, defined by (AB1), (AB2).

A (classical) categorial grammas defined as a tripl& = (3¢, I¢, Si); X is a nonempty finite
lexicon (alphabet)]s is a finite relation between elementsXf and types, and is a designated vari-
able. ¢, I, S are calledthe lexiconthe initial type assignmergndthe principal type respectively,
of G. We writeG : v — Afor (v, A) € I5. G assignsa typeA to a stringa = vy ... vy, v; € Y, if
there are types!; such thaiz : v; — A;, fori =1,...,n,andAy,..., A, =* A; we writea —¢ A.
The languagef G (L(G)) is the set of all strings € £/, such that —¢ S¢.
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Functor-argument structurd§-structures) are syntactic structures, provided by categorial grammatrs.
The setF'(X), of f-structures ork, is recursively defined as follows: ) C F(X), (i) if X,Y € F(X)
then(XY); € F(¥) and(XY), € F(X). X isthe functorandY is the argumenin (XY');, and
the converse holds fqrX'Y'),. Types can be identified with f-structures on the set of variables: write
(AB), for A\ B, and(AB); for A/B. Phrase structure§-structures) are obtained from f-structures by
dropping functor indices.

Let G be a categorial grammar. We define a relation—¢ A, for X € F(Xg) and typesA: (i)
v —¢ Awheneverd € I(v), (i) if X —g A/BandY —¢ Bthen(XY); —¢g A, (i) if X —g A
andY —¢g A\B then(XY)s —¢ B. The f-languageof G (L¢(G)) is the set of allX such that
X —¢ Sq. The p-languagef G (L, (G)) consists of all p-structures, underlying the f-structures from
Ls(G).

For instance, le€; admit the following assignment:

Kazimierz— A, teaches— B, excellently— C,

where A =PN (proper noun)3 = A\S,C = B\B, andS; =S (sentence). Ther,;(G) contains
infinitely many structures, e.g.:

1. (Kazimierz teacheg)
2. (Kazimierz (teaches excellently),
3. (Kazimierz ((teaches excellenthygxcellently} ),

and so onL,(G) (resp.L(G)) contains the p-structures (resp. strings of words) resulting from the above
structures.

The above grammar is 1-valued (rigid), this means: it assigns at most one type to any lexical atom.
This property is characteristic of grammars designed for formal languages of logic and mathematics,
while natural language usually requires several types to be assigned to one lexical atom. The negation
‘not’ is assigned type &S in the sentence ‘not every man works’ with structure (not ((every man) works)),
but also type”/C (C defined as above) in ‘John works not hardly’. A categorial gram@é& said to
be k—valued if I assigns at mogi types to eachr € .

On the level of strings, categorial grammars generate the same languagedras)(context-free
grammars [2JA context-free grammaiCF-grammar) is a quadruplé = (X¢, Ng, Rg, S¢) such that
Ya, Ng are disjoint finite alphabet$; € Ng, andRg is afinite subset aVg x (XU Ng)*. Elements
of ¥, Ng, R are callederminal symbolsnonterminal symbolandproduction rulesrespectively, of
G, and S is calledthe initial symbolof G. Production rules are writted — a instead of(A, a). We
say that a string is directly derivablefrom a stringa in G (write a = b) if there exist strings;, d, e
and ruleA — e in Rg such thate = cAd, b = ced. We say that a string is derivablefrom a string
a in G (write a =7, b) if there exists a sequencey, . . ., a,) such that, > 0, ap = a, a, = b and
a;—1 =q a; foralli = 1,...,n. The languagef G (L(G)) is the set of alb € X7, such thatSg =7, a.

A CF-grammarG is said to be—free if a is nonempty, for any rul¢A — a) € Rg. Clearly, if G is
e—free, thenL(G) C ©f.

GrammarsZ, G’ are said to be (weaklygquivalenif L(G) = L(G"). Itis well-known that every CF-
grammarG such thak ¢ L(G) can be transformed into an equivalent CF-gramgifain the Chomsky
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normal form all production rules ofy’ are of the formA — v or A — BC, whereA, B,C € N,
v E g,

The categorial grammar from the above example can be replaced with a CF-grammar (in the Chom-
sky normal form) whose production rules are as follows:

S— AB, B+— BC,

A — Kazimierz,B — teaches( — excellently

with S¢ =S, Ng = {S, 4, B,C}, andX consisting of lexical atoms ‘Kazimierz’, ‘teaches’ and ‘ex-
cellently’. A derivation of ‘Kazimierz teaches excellently’ is:

S= AB = ABC =-* Kazimierz teaches excellently

Every CF-derivation determines a unique phrase structure on the derived string; the above derivation
leads to structure (Kazimierz (teaches excellentljjle p-languagef CF-grammaiG (L, (G)) consists
of all phrase structures of strings from(G) which are determined by possible derivations of these
strings. One could also preserve nonterminals appearing in the derivation; the resulting labeled phrase
structure (Kazimierz (teacheszexcellently) g) s is a linear representation of a derivation tree.

A principal difference between categorial grammars and CF-grammars is that the forriexicaie
that means: all particular linguistic information is put in the initial assignment of types to lexical atoms,
and the derivation procedure is based on universal rules, common for all languages, whereas the latter
put the linguistic information in the production rules which underly the derivation procedure.

Lexicality is characteristic of all kinds of categorial grammar: the universal rules for derivation
procedures are provable sequents of some logics, being independent of the particular language. Besides
classical categorial grammars, defined above, there are studied categorial grammars, based on richer
logics, e.g. different variants of the Lambek calculus and substructural logics [21, 22, 4, 8, 27, 10].

Classical categorial grammars are not equivalent to CF-grammars on the level of phrase structures.
Let P(X) denote the set of all phrase structures on alphabéet L. C P(X). We say thafX € P(X) is
equivalenttdt” € P(X) with respect tal (write X ~, Y) if, forall Z € P(X), Z[X]| € Liff Z[Y] € L
(as usual in logicZ[X | denotesZ with a distinguished occurrence of substructdreandZ[Y] denotes
the result of replacingd with Y in Z). It is well-known [16] thatL = L,(G), for some CF-grammar
G, iff the relation~, is of finite index. Bythe external degreef X € P(X) (think of X as a tree)
we mean the length of the shortest branctXgfandthe degreef X is the maximal external degree of
substructures oK. For instancey is of degree O(vw) is of degree 1, an(vw)(v'w")) is of degree 2.

It is known [7] thatL = L,(G), for some classical categorial gramndayiff both ~, is of finite index
andL is of bounded degree. Consequently, p-languages of classical categorial grammarss form a proper
subclass of the class of p-languages of CF-grammars.

A similar characterization can be given for f-languages generated by classical categorial grammars:
for L C F(X), there is a grammat such thatl, = L(G) iff both the relation~, is of finite index
and all structures il are of bounded functor degree (one counts the length of functor branches only;
see [7, 8]). Consequently, f-languages of CCGs are regular tree languages. Standard techniques of tree
automata [16] yield the decidability of the emptiness problem, the inclusion problem and the equality
problem for these languages; for a discussion, see [7]. In particular, the inclusion prbbiéi C
Lf(@") is decidable, and similarly for p-languages of classical categorial grammars and CF-grammars.
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3. Learning grammars

First, we recall some basic notions of formal learning theory.

A grammar systerns a triple (2, E, L) such that) and E' are countably infinite sets, and is a
function from¢2 into the powerset oF. Elements of are calledgrammars elements of are called
expressionsandL(G), for G € (, is calledthe languagef G. We assume that there exists a recursive
isomorphism of2 onto the set of natural numbers

A learning functionfor the grammar system is a partial function frdit into Q. Intuitively, the
learning function assigns grammars to finite samples of a languagés;l.et, be an infinite sequence
of expressions. One says that a learning funcfiaonvergeson this sequence @ € Q if ©((s;)i<n)
is defined and equals, for all but finitely manyn € w.

LetG C Q. We denotel.(G) = {L(G) : G € G}. A sequencés;);c, is calleda textfor a language
L CFEIif L ={s;:i€ w}. Onesays thata learning functignlearnsg if, for every L € L(G) and
every text forL, there isG € G such that. = L(G) andy converges t@- on this text. A clasg is said
to be (effectively)earnableif there exists a computable learning functiprihat learnsj; an algorithm
which computes is calleda learning algorithmfor G.

Let £ be a class of subsets af(languages oiy). One says thaf admits a limit poinif there exists
a stricly ascending chaifl,,),c., Of languages fronf such that the join of this chain belongs4olt is
known that if L(G) admits a limit point ther§ is not (even uneffectively) learnable. As a consequence,
if L(G) contains all finite languages and at least one infinite languagegtrenot learnable. This holds
for all standard classes of formal grammars, e.g. regular grammars, CF-grammars, classical categorial
grammars, and so on.

Accordingly, learnability can be gained for some restricted classes only, as e.g. context-sensitive
grammars with at mogt production rules [34]. Kanazawa [18, 19] shows thatvalued classical cate-
gorial grammars are learnable.

Wright [35] defines the following property of a clagsof languagesL hasfinite elasticityif there
exists no paif(s;)icw, (Li)icw), si € E, L; € L, such that; ¢ L; butsy,...,s; € Ly, foralli € w.
Kapur [20] proves that finite elasticity entails the following condition:

(D) for every L € L, there exists a finite sgd;, C L such thatL is the smallest languaglé’ € L,
satisfyingD C L.

In [10], it is shown that finite elasticity is equivalent to the following:

(D) for every L C E, there exists a finite séd; C L such that, for every) € L, if D;, C L' then
LCL.

This yields Kapur’s theorem, since (D) follows from (D’).Afis a closure system, this meanis
closed under arbitrary meets, thérsatisfies (D’) iff it admits no infinite ascending chains, that means:
there is no infinite sequenc¢é,;), of languages front, such that; C L;,4, for all i € w [10].

LetG C Q. We always assume thétsatisfies the following conditions:

(G1) G is recursively enumerable,

(G2) the universal membership problene L(G), fore € E, G € G, is decidable.
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If G is recursively enumerable, then there exists a computable seq(@pte-.., of all grammars
fromg.
If G satisfies (G1), (G2), anf(G) satisfies (D), the is learnable [20]. We sketch the proof.

Proof:
We consider two cases.

Case 1. The inclusion probleth(G,) C L(Gs2), for G1,G2 € G, is decidable (this holds for
structure languages of categorial grammars and CF-grammarg)=}.gtc., be a computable sequence
of all grammars fromG. The learning functiony is defined as follows. Lets;);<, be a finite se-
quence of expressions frof. One considers grammats, ..., G,. One marks those grammat,

j = 1,...,n, which satisfysy, ...,s, € L(Gj) (if no G; fulfilling this condition exists, therp is
undefined). Then, one takes the first marked gram@awhose language is minimal (with respect to
inclusion) among languages of marked grammars (this means, there exists no marked grareocir
that L(Gy) C L(G})), and this grammar is the value pffor the given sequence. Now, let,) be a text
for some languagé € L(G). By (D), there exists a finite sé?;, C L such thatL is the smallest lan-
guage fromZ(G) which containD,. There isn’ € w such thatDy, C {so, ..., sn}, forallm > n’. Let
G, be the first grammar in the sequen(¢,) such thatl.(G,) = L. Clearly, for eachn >max(i,n’),

G; will be taken as the value @f for (s;)i<m.

Case 2. The inclusion problem is undecidable (this holds for string languages of classical categorial
grammars and CF-grammars). The construction is similar to the one for Case 1 except that we addition-
ally employ a fixed sequende,,),c., of all expressions front’ and defineE,, = {eq,...,e,}. The
value ofy for (s;)i<y, is defined as the first marked gramnday such that>.(G;) N E,, is minimal among
languaged.(Gy) N E,, for marked grammar&;,. Now, G;, defined in Case 1, need not be the value
of ¢ on (s;)i<m, for all m >max(i, n’); it may happen thap((s;)i<m) = Gi, for somel < i such that
L(G;) N E,, = L(G; N E,,. This may happen for finitely many: only, sinceL is the smallest language
from L(G) containingDy,. Accordingly,p converges tax;. O

We have only regarded positive data. Many learning procedures take into account positive and neg-
ative data A pn-textfor a languagd. can be defined as a sequelits,, d,,))necw such thate,),c. is a
sequence of all expressions fram andd,, = 1if e, € L,d,, =0if e, & L.

It was observed by Gold [17] that any class of grammars satisfying (G1), (G2) is learnable from
positive and negative data. Lg%, )., be a computable sequence of all grammars f¢bmp is defined
on (e;, d;)i<n as the first grammat; in the sequence which is compatible with the data. One easily
shows that, for any pn-text fdr € L(G), ¢ converges to a grammar fdr.

Many results in formal learning theory were obtained by analogous methods; the main technical issue
was to prove finite elasticity of a class of languages. Algorithms based on the search for the first grammar
in the sequence of all grammars which is compatible with the data have some drawbacks. Clearly,
the procedure of running a computable sequence of all grammars from some infinite class is strongly
inefficient. To exhibit other drawbacks, we use some ideas of rough set theory of Pawlak [30, 31], namely
a representation of a set of objects by two sets: the lower approximation and the upper approximation of
this set.

Let £ be a class of languages. For a language £ and a seD C L, the lower approximatiomand
the upper approximationf L determined byD (with respect tof) are defined as follows:

LAS(L,D)=({L' e £L:D C L'};UAX(L,D)={L' € L: D C L'}.
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These definitions seem very natural. If we merely know that expressiondirbatong toL, andL € L,
then precisely the expressions from £, D) necessarily belong td on the basis of our knowledge,
and precisely the expressions from &, D) possibly belong td. on the basis of our knowledge. We
write LAY(L, D) for LAL9) (L, D), and similarly for UA.

The learning algorithms, described above, compute neithé(LAD), nor UAS(L, D), if D C L
is the set of input data. I is the first grammar froniG,,), compatible withD, then LAY (L, D) C
L(G;) CUAY(L, D), but these inclusions do not justify any new positive or negative inference about the
extent of L which is not transparent in the input data. Of course, when the algorithm finds the proper
grammar forL, the grammar produces the lower approximatioi afetermined by the input data. The
problem is that the learner usually does not know that the proper grammar has just been found; she cannot
exclude that larger data will enforce the change of the hypothesis. Only for very special cases, e.g. if one
learns from positive data, and G;) has been proved to be maximaligG), one can conclude that the
learning procedure has been finished.

4. Learning by unification

We show below that algorithms based on unification, proposed in [6, 11] and further elaborated by
Kanazawa [18, 19], Marciniec [24, 25] and others, do compute both the lower and the upper approxima-
tion of the searched language.

First, we demonstrate these algorithms for classical categorial grammars (learning from structures).
Let us consider the grammar syst¢fh F, L) such that is the class of classical categorial grammars
(with a fixed lexiconX), £ = F(X), andL(G) = Ls(G), for G € Q2. We assume that all grammars in
2 have the same principal type S. Siriceand S are fixed, a grammétcan be identified with.

First, we recall a unification-based learning procedure from [11]. et F(X) be a nonempty,
finite set. We define a grammar GF), calledthe general form of a grammdor D. S is treated as a
constant, whereas other atomic types are treated as variables. We assign S to all structufearitbm
distinct variables to all occurrences of argument substructures of these structures. Then, we assign types
to functor substructures of these structures according to the rules:

(fr) if (XY)q is assigned3 andX is assigned! thenY is assignedd\ B,
(f) if (XY); is assigned3 andY is assignedd then X is assigned3/A.
GF(D) contains all assignments— A obtained in this way, fov € 3; the principal type of GED)
° SLet us consider an example. LBtconsist of structures (Joan works)nd (Joan (works hardly)s.
One assigns type S to these structures and the typesJoan’ (in the first structure); to ‘Joan’ (in the

second structure}, to ‘works’ (in the second structure). By (fl), one assign$sS to ‘works’ (in the first
structure) y\ S to (works hardlyy, andz\ (y\S) to ‘hardly’. Accordingly, GED) yields the assignment:

Joan— z,y, works— z, x\S, hardly— z\(y\S).

It is easy to show thaL ;(GF(D)) = D [11]. For our purposes, GP) is the input of a further
procedure of unification.
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A substitutionis a mapping from variables to types; it is naturally extended to a mapping from
types to types. If7 is a grammar, and is a substitution, thefiio is a (unique) grammak such that
H :v— Ao, whenevelG : v — A. We haveL;(G) C L¢(Go), forall G,o. ForG,G" € Q, we write
GCGifIg Clg. If GC G thenLy(G) C L¢(G'). The following lemma has been proved in [11].

Lemma4.1. Let D C F(X) be nonempty and finite. Then, for evety € €2, D C L;(G) iff there
exists a substitution such thalGF(D)o C G.

The ‘i’ part is easy:D C L(GKD)) C L{(GF(D)o) C Ly(G). For the ‘only if’ part, observe
that any grammag? such thatD C L (G) assigns some types to all substructures of the structures from
D. More strictly, for anyX € D, we fix a derivation ofX —;S. We define a substitution in the
following way: if x is the variable assigned % by the construction of GD), Y is a substructure of
X, andY —g A is a part of the fixed derivation of —4S, thenzo = A. Since (fl), (fr) reverse the
rules defining— ¢, one can show Gi)o C G.

We employ standard notions of the theory of unification in a slightly modified version.

Let 7 be a nonempty, finite family of finite sets of types. A substitutios calleda unifierof 7, if,
foranyT € 7 and allA, B € T, we haveAdo = Bo (s0,0 unifies each sef’ € 7 but not necessarily
the join of these sets). If a unifier af exists, therl is said to beunifiable ¢ is calleda most general
unifier (m.g.u.) of7, if it is a unifier of 7 and, for any unifiekx of 7, there is a substitutio¥, such
thata = o3 (in our notation,A(c3) = (Ac)3). A standard algorithm of unification (see e.g. [23]) can
easily be adapted to yield an m.g.u.©fif 7 is unifiable, or to reply NO, iff” is not unifiable.

For a categorial gramma® with the initial type assignmeni;, we define a family: 7 (G) =
{Ig(v) : v € ¥}. For a nonempty, finite séb C F(X), we define7 (D) = T(GKD)). Let G
denote the class @&f—valued categorial grammars (&1). In [6, 11], the following fact has been proved.

Proposition 4.1. Let D C F'(X) be nonempty and finite. There existd-avalued categorial grammar
G such thatD C L¢(G) if and only if 7 (D) is unifiable. Ifo is an m.g.u. off (D), thenL;(GFD)o)
is the smallest f-languagein the class{L € L;(G) : D C L}.

The proof of proposition 1 uses lemma 1. Since an m.g.uZ @ unique up to variants, then the
resulting grammar GED)o is unique up to isomorphism (renaming of variables)7 (D) is unifiable,
then one defines R®) =GF(D)o, whereo is an m.g.u. off (D). The grammar R@) is calledthe
rigid (categorial) grammar determined kY. By proposition 1,L;(RG(D)) is the smallest f-language
in the class of all f-languages of rigid (1-valued) categorial grammars which cabtain

We return to the example at the beginning of this sectibfD) consists of the set§z, y}, {z, z\S},
{z\(y\S)}. It is unifiable, and its m.g.u.c is given by: yo = z, zo0 = z\S. RGD) yields the
assignment:

Joan— x, works— z\S, hardly— (z\S)\(x\S).

The classL;(G:) (with a fixed ¥) admits no infinite ascending chains [18, 19]. This class en-
riched with the total f-languagé€'(X) is a closure system [10], so it has finite elasticity. The function
o((Xo,...,X,)) =RG({Xo,...,X,}) learnsg; [18] (caution: isomorphic grammars are treated as
equal). To avoid the latter assumption one can modify the definitign of

(1) p((Xo) =RG({Xo})-
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(902) SO((X(L s 7X7l+1)) - @((X()a s 7Xn))’ if Xn+1 belongs to the f_Ianguage @f((X()a s 7Xn))1
and it equals RG Xy, ..., X,,+1}), otherwise.

A binary relationR is said to befinitely valuedif, for all x, the set{y : (x,y) € R} is finite. Let
RC E x E'.ForL C E’, one defineR[L] = {e € E: (3¢’ € E')(e,¢’) € R}. For aclas¥, one
definesR—'[£] = {R~![L] : L € L}. Using the Konig lemma, Kanazawa [18, 19] proves the following
theorem on finite elasticity: iR C E x E’ is finitely valued, andC has finite elasticity( is a class of
subsets of2’, thenR~![£] has finite elasticity.

As a consequence, each cldsgGy), k > 1, has finite elasticity [18, 19]. LeE = {v1,...,v,}.
Eachv; is replaced by: new symbola;g, j=1,...,k. LetY consist of all new symbols{. A relation
R C F(X¥) x F(¥') is defined as follows{ X, X') € Riff X arises fromX' by replacing eachf by v;.
Clearly, R is finitely valued. One easily shows;(G,) = R'[L(G1)] (hereGy, consists of grammars
on X, while G; consists of grammars ox).

Consequentlyy;. is learnable (from f-structures). A concrete learning algorithm, given in [19], uses
the following construction.

Let 7 be a family of sets. A family7’ of nonempty subsets of sets framis calleda partition of
7T if, forany T € 7, the family{T" € 7' : T' C T} is a partition ofT" in the standard sense. T
divides eacll” € 7 in at mostk parts, ther?7” is called ak—partition of 7. One defines the set iGD)
as the set of all grammars GP)o such thatr is an m.g.u. of somé—partition of 7 (D). A partial
computable function) (the domain ofy is recursive) is defined as follows) (D) picks a grammar
G €VG(D) such thatL ¢(G) is minimal among all f-languagels;(G’), G' eVGL(D), if VG, (D) is
nonempty. Then, a learning functignfor Gy, is defined by ¢1), (¢¥2) with replacing RG byp.

In a similar way one shows thg, is learnable from p-structures and from strings [19]. The crucial
observation is that the class of p-languages (resp. languages) of grammartg, fhas finite elasticity,
which follows from the finite elasticity of the class of f-languages of these grammars and the theorem on
finite elasticity.

5. Main results

In this section we show that unification-based learning procedures can compute Bth, I and
UAY(L, D), whenever the clags satisfies (G2) and some additional constraints.

A substitutiona induces an equivalence relatian, on types: A =, B iff Ao = Ba. Each
equivalence relatioes on types partitions any sét, of types, in equivalence classes (restricted’jo
We definel’/ == {[A]l=NT : A € T'}. For a familyT of sets of types, we define:

T/E:Tl/EUUTn/ =, fOFT:{Tl,...,Tn}.

This family is calledthe partitionof 7 determinedby =.
Let ©2 be the class of categorial grammars ¥n We assume thaf C € satisfies (G2) and the
following conditions:

(G1") G is recursive and closed under isomorphism (renaming of variables),

(G3)if G C G' andG’ € G thenG € G,
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(G4) for any finite seD C F'(X) and any substitution, if GF(D)a € G then GKD)o € G, for any
m.g.u.o of 7p/ =,.

(G3) and (G4) are generalizations of some conditions, considered in [24]. Notice ihatunifier
of 7/ =,, whence an m.g.u. of the latter family always exists. No result of this section depends on (G2),
but this constraint is needed for standard learning algorithms (also see conditl)r{g2) in section 4).

Each clasgji, k > 1, satisfies these conditions. It is easy to prove (G1"), (G2), (G3). We show (G4).
Assume GFD)a € G. Then,7(D)/ =, is ak—partition of 7 (D) (see section 4). I# is an m.g.u. of
this k—partition, then GFD)o € G,

Classes of grammars, satisfying (G1')-(G4), are closed under intersection (of classes).So, one can
restrict the classag, by additional constraints.

The orderof type A (o(A)) is defined as follows [7]:

o(p) = 0, for variablesp; o(A\B) = o(B/A) = max(o(B),0(A) + 1).

The orderof G (o(G)) is the maximal order of types ify;. The class of alG € Q such thab(G) < n,
for a fixedn > 0, satisfies (G1')-(G4) (for (G4), use the inequalityAd) < o(A«), for all types A
and substitutiongy). Then, the class of—valued grammars of order not greater thasatisfies our
conditions. Fom > 1, the class of categorial grammars of order not greatersthiamot learnable, since
it yields all f-languages of categorial grammars [7].

LetG C QandD C F(X) be nonempty and finite. We define a set of grammars QW as the
set of all grammars GEP)o such that is an m.g.u. of some partition 6f (D) and GKD)o € G. Up
to isomorphism, it is a finite set of grammars.

Lemma 5.1. If G satisfies (G1’), then OUA( D) is effectively computable fron.

Theorem 5.1. Let G satisfy (G3), (G4). Forany. € L(G) and any nonempty, finit® C L, there hold
the equalities:

LAY(L, D) = N{L;(G) : G €OUTY(D)},

UAY(L,D) = {X € F(X) :0UTY(D U {X}) # 0}.

Proof:

We prove the first equality. By lemma 1) C L;(G), for anyG €OUTY(D), whence the inclusion
C holds. We prove the converse inclusion. Det¢LAY(L, D). Then,X ¢ L(G), for someG € G
such thatD C L¢(G). By lemma 1, there is a substitutien such that GED)a C G. By (G3),
GHD)a € G. Leto beanm.g.u. of (D)/ =,. By (G4), GK D)o € G, and consequently, the grammar
belongs to OU¥ (D). There exists a substitutioh such thatv = o3. ConsequentlyL ;(GF(D)o) C
L{(GF(D)a) C Ly(G), whenceX ¢ L¢(GF(D)o), which finishes this part of proof.

We prove the second equality. L&t €UAY(L, D). Then,X € L;(G), for someG € G such
that D C L;(G). By lemma 1, there is a substitutiensuch that GED U {X})a C G. By (G3),
GRD U{X})a € G, and by (G4), GED U {X })o € G, forany m.g.u.c of T(D U {X})/ =,. So,
OUTY(D U {X}) # (). The converse inclusion is obvious. 0
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If G satisfies (G1'), (G3) and (G4), then both &7, D) and UAY (L, D) are computable frond C
L. Since f-languages of categorial grammars are effectively closed under finite meets, then DA
can be presented ds;(G), for some categorial grammé#. Caution: forG = Gy, this grammarG
need not beé—valued. UX (L, D) is a recursive f-language; it can be presented by means of a Turing
machine.

There appears a danger of triviality. gfis the class of all categorial grammars or the class of all
categorial grammars of order not greater tharthen LAY(L, D) = D, for all L € L;(G) and all
nonempty, finiteD C L. Itis not the case if.(G) has finite elasticity. The next proposition uses the
general terminology and notation of section 3.

Proposition 5.1. Let L(G) satisfy the condition (D) from section 3. Léte L(G), L = {sn }new- Then,
there exists: € w such that LA (L, {sq, ..., sm}) = L, for allm > n.

Proof:

By (D), there exists a finite séb;, C L such thatl is the smallest language i € L(G) such that
Dy, C L'. There exists: € w such thatD;, C {sg,...,s,}. The least integen, having this property,
fulfills the demands of the proposition. O

We consider an example. L&t consist of three English sentences (in the form of f-structures):
1. (Kazimierz teacheg)

2. (Kazimierz (teaches (a logician) )a,

3. ((alogician)(teaches Kazimierz),.

GK(D) yields the following type assignment:

Kazimierz— x,y, z, teaches— z\S, (z\S)/u, (w\S)/z,
logician— p, ¢, ar u/p, w/q.

7 (D) is not unifiable (see the first two types of ‘teaches’). Edte the set of four words, appearing
in these sentences. L&tbe the set of categorial grammars Brwhich assign at most two types to
‘teaches’ and at most one type to each of the remaining words. 8§iacé,, thenL¢(G) has finite elas-
ticity (this property is preserved by subclasses). By proposition 2, our algorithm, computfd.LR)
acts nontrivially orG. For the setD, as above, OU(D) consists of a unique gramma#:

Kazimierz— x, teaches— z\S, (z\S)/xz,

logician— p, ar— x/p.

One can treat: as the type of noun phrase apds the type of common noun. Ther\S is the
type of intransitive verb an¢iz\S)/« of transitive verb. For any. € L;(G) such thatD C L, we have
LAY(L, D) = L(H); this set consists of six f-structures: the three f-structures frf(a logician)
teaches), (Kazimierz (teaches Kazimier), ((a logician) (teaches (a logician),. These structures
must belong to every f-language € L;(G) such thatD C L. It can also be shown that (teaches
Kazimierz) does not belong to UAL, D). Let X denote this f-structure. GB U {X}) assigns a new
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type S'r to ‘teaches’ (type: to ‘Kazimierz’). Now, we have four types of ‘teaches’, and three of them
are pairwise not unifiable. Consequently, GUD U {X}) = 0.

Let us notice that (a logiciap)belongs to UX (L, D), according to the above example (one can
unify z and S). This is a linguistic nonsense. One can eliminate this possibility by introducing a negative
constraint (a logician)+~S. Then, one considers classes of categorial grammars, fulfilling this constraint.

In [24, 14], it has been shown that the unification-based learning algorithms can be relativized to classes
of grammars, restricted by various negative constraints. Also, the results of the present paper remain
true, if one admits positive and negative data, say of the Orem (DP, D™), whereD?, D™ are disjoint,

finite sets. We writeD C L if DP? C L andD™ N L = {). This relation can be used insteadl®fC L, and

all definitions and results can be modified in this style. We omit details. It is noteworthy that computing
LA and UA with the aid of negative data requires similar assumption§ as for the case of positive

data only. So, itis not the case that every class of grammars, fulfilling (G1) and (G2), admits an effective
computation of LA and UA by unification (this contrasts with general results on learnability, discussed
in section 3).

We naturally come to an idea of approximate learniAg. approximate learning functiofor G is
defined as a functiop, which to any nonempty, finite sé2 C F assigns a finite set of grammars from
G, satisfying the conditions:

(AL1) forany G € (D), D C L(G),
(AL2) forevery L € L(G), if D C L then there exist& € ¢(D), fulfilling L(G) C L.

If G fulfills (G3), (G4), then the functiop(D) =0OUTY (D) satisfies (AL1), (AL2) (see the proof of
theorem 1). Ifp is an approximate learning function f@r then, for anyL. € L(G) and allD C L, we
have:

LAY(L, D) = N{L(G) : G € p(D)}.

We say that an approximate learning functiptior G learnsg, if, for any L € L(G) and any text
($Sn)new for L, {L(G) : G € o({s0,---,sn})} = L, for all but finitely manyn € w.

Theorem 5.2. Let ¢ be an approximate learning function f@r Then,y learnsg if and only if L(G)
satisfies (D).

Proof:

Assume thatp learnsG. Then, LAY (L, {so,...,s,}) = L, foranyL € L(G), any text(s,,) for L, and
for somen, depending on the text. The sBf, = {so, ..., s, } fulfills the demands of (D). Assume that
L(G) satisfies (D). FixL € L(G) and a text(s,,) for L. Let Dy, be as in (D). There exists € w such
that Dy, C {sq,...,s,}. Clearly, LAY(L, {so,...,sm}) = L, forallm > n. O

An analogue of theorem 1 is true for string languages. We must modify the constructior. £+
is nonempty and finite, then we consider all possible $¥tsC F'(X) arising from D after one has
defined some f-structure on each string fran{this is a finite family of sets of f-structures). We define
OUTY(D) as the join of all sets OUA(D’), the latter being defined as above.

Theorem 5.3. Let G satisfy (G3), (G4). Then, for any € L(G) and any nonempty, finit® C L, there
hold the equalities:
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LAY(L,D) = N{L(G) : G €OUTY (D)},

UAY(L, D) = {a € ¥T :0UTY(D U {a}) # 0}.

Proof:
The proof is similar to the proof of theorem 1. O

Assuming (G1’), one can effectively compute OY[D) from D, and consequently, LA and UA.
String languages of categorial grammars are not closed under meet, whence the values of LA are re-
cursive languages but not necessarily CF-languages. (It would be interesting to find some examples.)
Learning from p-structures can be handled in a similar way (now, LA yields p-languages of categorial
grammars).

Unification-based learning is not restricted to categorial grammars. For CF-grammars, we can use
similar methods. We briefly consider learning from p-structuteslenotes the set of all CF-grammars
with the terminal alphabet. E denotes the set of all p-structuresXn

Let D C FE be nonempty and finite. We assignto all structures fromD and different variables to
proper substructures of these structures( f3Hs a CF-grammar whose production rules are determined
by these labeled structures.

For example, ifD contains (Joan (works hardly)), then one assigts ‘Joan’,y to (works hardly),
z to ‘works’, andu to ‘hardly’. GH D) contains the productions:

S— xy, r —Joany — zu, z —works,u —hardly.

In general, GED) contains all production rules, obtained in this way from p-structure3.ifrhe
set of these rules is denoted By D).

Substitutions are restricted to variable-to-variable substitutions(DGd arises from GED) by
replacing each variable by xzo (in rules fromR(D)). An analogue of lemma 1 is true. Partitions
are defined onR(D). A substitutiona determines an equivalence relatien, on R(D): two rules
are equivalent ific makes them identical. One naturally defines a unifier and an m.g.u. of a partition
of R(D). Then, conditions (G1), (G1’), (G2)-(G4) can be adapted to the case of CF-grammars in a
straightforward way, and similarly for the construction of GUD). All results of this section and
analogues of learnability results from section 4 can easily be proved. In particular, the class of CF-
grammars orx, admitting at most production rules, is learnable both from p-structures and from
strings, and one can compute LA and UA for this class.

Context-sensitive grammars (CS-grammars) admit productions of thetfdrm— bac, where A
is a nonterminalg, b, ¢ are strings of symbols; # . CS-grammars determine p-structures on deriv-
able strings, but p-structures (even labeled by nonterminals) do not uniquely determine derivations. The
method, described above for CF-grammars, can be extended to CS-grammars, if the number of produc-
tion rules is bounded.

It is known that categorial grammars based on the (associative) Lambek calculus are not learnable
from strings, nor structures [3]. On the other hand, approximate learning can lead to interesting results
also for grammars based on different variants of the Lambek calculus. We leave this problem for further
research.
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