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Abstract. We apply basic notions of the theory of rough sets, due to Pawlak [30, 31], to explicate
certain properties of unification-based learning algorithms for categorial grammars, introduced in
[6, 11] and further developed in e.g. [18, 19, 24, 25, 26, 9, 28, 14, 15, 3]. The outcomes of these
algorithms can be used to compute both the lower and the upper approximation of the searched
language with respect to the given, finite sample. We show that these methods are also appropriate
for other kinds of formal grammars, e.g. context-free grammars and context-sensitive grammars.

1. Introduction

Formal learning theoryis concerned with algorithms which compute formal grammars on the basis of
finite data: finite sets of expressions from the searched language [29]. The languageL is presented as an
enumeration(en)n∈ω of all its expressions. For eachn, the algorithm is executed on input(e0, . . . , en)
and returns a grammarGn from a fixed class of grammarsG. The algorithm succeeds, if there exists
G ∈ G such thatG is a correct grammar forL andGn = G, for all but finitely manyn. The classG is
said to be (effectively) learnable, if there exists an algorithm which succeeds for any language generated
by a grammar fromG and any possible enumeration of this language.

These are basic notions of formal learning theory, more strictly, the theory of Gold [17] of learning
from positive data and success as identification of language in the limit. We precisely define them in
section 3. Gold observed that no class of Chomsky hierarchy is learnable from positive data. Learnability
requires some additional constraints. For instance, for any integerk > 0, the class of context-sensitive
grammars with at mostk production rules and the class ofk−valued classical categorial grammars are
learnable [34, 18, 19]. If also unrestricted negative data are admitted, then any recursively enumerable
class of grammars is learnable, whenever its universal membership problem is decidable.
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Positive learnability results often use a special property of classes of languages (grammars), called
finite elasticity. Every class of grammars, satisfying the general conditions, formulated at the end of
the last paragraph, and having finite elasticity, is learnable [35, 20]. Algorithms, stemming from finite
elasticity, run through a (computable) sequence(Gn)n∈ω of all grammars fromG and return the first
grammar, compatible with the input and, possibly, fulfilling certain additional constraints.

A disadvantage of such algorithms is that the grammarGn, returned on stepn, brings, usually, no
new information about the searched language, which is not transparent in the input data. Only the limit
grammarG = Gn, for all but finitely manyn, correctly describes the language. Unfortunately, except for
some very special cases, the learner does not know that the limit has already been attained. Furthermore,
such algorithms are extremely inefficient.

In this paper we show that some other algorithms can yield much more. It is expedient to use the
basic idea of rough set theory of Pawlak [30, 31]. One disposes with an incomplete knowledge about
properties of objects from some universe. A set of objectsX is represented as a pair of two sets: the
lower approximation ofX and the upper approximation ofX, here denoted by LA(X) and UA(X),
respectively. LA(X) consists of those objects which necessarily belong toX, and UA(X) of those
objects which possibly belong toX, on the basis of one’s knowledge. Rough sets were extensively
studied as a framework of knowledge representation and reasoning about data (see e.g. [12, 33, 13, 32]).
As far as the author knows, they have not yet been applied in formal learning theory in the sense of this
paper.

The learning algorithms, based on unification, worked out for classical categorial grammars in [6, 11]
and further elaborated in [18, 19], can be arranged in such a way that, on each stepn, they return a finite
description of both the lower approximation and the upper approximation of the searched language on
the basis of the input data(e0, . . . , en). These notions are precisely defined in section 3.

In section 2 we recall some basic notions of the theory of formal grammars. Section 3 discusses
learnability and related concepts. Algorithms based on unification are considered in section 4. Section 5
contains our main results for different kinds of (not only categorial) grammars.

2. Formal grammars

We start from classical categorial grammars, playing an essential role in our exposition.
Typesare formed out ofatomic types(variables)p, q, r, . . . by means of operation symbols\, /. The

type logic AB (after Ajdukiewicz [1] and Bar-Hillel [2]) is a rewriting system, based on the following
rules:

(AB1) Γ, A,A\B,∆ ⇒ Γ, B,∆, (AB2) Γ, B/A,A,∆ ⇒ Γ, B,∆.

Γ,∆ stand for arbitrary finite sequences of types.⇒∗ denotes the reflexive and transitive closure of
the relation⇒, defined by (AB1), (AB2).

A (classical) categorial grammaris defined as a tripleG = (ΣG, IG, SG); ΣG is a nonempty finite
lexicon (alphabet),IG is a finite relation between elements ofΣG and types, andSG is a designated vari-
able.ΣG, IG, SG are calledthe lexicon, the initial type assignmentandthe principal type, respectively,
of G. We writeG : v 7→ A for (v,A) ∈ IG. G assignsa typeA to a stringa = v1 . . . vn, vi ∈ ΣG, if
there are typesAi such thatG : vi 7→ Ai, for i = 1, . . . , n, andA1, . . . , An ⇒∗ A; we writea 7→G A.
The languageof G (L(G)) is the set of all stringsa ∈ Σ+

G such thata 7→G SG.
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Functor-argument structures(f-structures) are syntactic structures, provided by categorial grammars.
The setF (Σ), of f-structures onΣ, is recursively defined as follows: (i)Σ ⊆ F (Σ), (ii) if X,Y ∈ F (Σ)
then (XY )1 ∈ F (Σ) and (XY )2 ∈ F (Σ). X is the functorandY is the argumentin (XY )1, and
the converse holds for(XY )2. Types can be identified with f-structures on the set of variables: write
(AB)2 for A\B, and(AB)1 for A/B. Phrase structures(p-structures) are obtained from f-structures by
dropping functor indices.

Let G be a categorial grammar. We define a relationX 7→G A, for X ∈ F (ΣG) and typesA: (i)
v 7→G A wheneverA ∈ IG(v), (ii) if X 7→G A/B andY 7→G B then(XY )1 7→G A, (iii) if X 7→G A
andY 7→G A\B then (XY )2 7→G B. The f-languageof G (Lf (G)) is the set of allX such that
X 7→G SG. The p-languageof G (Lp(G)) consists of all p-structures, underlying the f-structures from
Lf (G).

For instance, letG admit the following assignment:

Kazimierz 7→ A, teaches7→ B, excellently7→ C,

whereA =PN (proper noun),B = A\S,C = B\B, andSG =S (sentence). Then,Lf (G) contains
infinitely many structures, e.g.:

1. (Kazimierz teaches)2,

2. (Kazimierz (teaches excellently)2)2,

3. (Kazimierz ((teaches excellently)2 excellently)2)2,

and so on.Lp(G) (resp.L(G)) contains the p-structures (resp. strings of words) resulting from the above
structures.

The above grammar is 1-valued (rigid), this means: it assigns at most one type to any lexical atom.
This property is characteristic of grammars designed for formal languages of logic and mathematics,
while natural language usually requires several types to be assigned to one lexical atom. The negation
‘not’ is assigned type S/S in the sentence ‘not every man works’ with structure (not ((every man) works)),
but also typeC/C (C defined as above) in ‘John works not hardly’. A categorial grammarG is said to
bek−valued, if IG assigns at mostk types to eachv ∈ ΣG.

On the level of strings, categorial grammars generate the same languages as (ε−free) context-free
grammars [2].A context-free grammar(CF-grammar) is a quadrupleG = (ΣG, NG, RG, SG) such that
ΣG, NG are disjoint finite alphabets,SG ∈ NG, andRG is a finite subset ofNG×(ΣG∪NG)∗. Elements
of ΣG, NG, RG are calledterminal symbols, nonterminal symbolsandproduction rules, respectively, of
G, andSG is calledthe initial symbolof G. Production rules are writtenA 7→ a instead of(A, a). We
say that a stringb is directly derivablefrom a stringa in G (write a ⇒G b) if there exist stringsc, d, e
and ruleA 7→ e in RG such thata = cAd, b = ced. We say that a stringb is derivablefrom a string
a in G (write a ⇒∗

G b) if there exists a sequence(a0, . . . , an) such thatn ≥ 0, a0 = a, an = b and
ai−1 ⇒G ai, for all i = 1, . . . , n. The languageofG (L(G)) is the set of alla ∈ Σ∗

G such thatSG ⇒∗
G a.

A CF-grammarG is said to beε−free, if a is nonempty, for any rule(A 7→ a) ∈ RG. Clearly, ifG is
ε−free, thenL(G) ⊆ Σ+

G.
GrammarsG,G′ are said to be (weakly)equivalentif L(G) = L(G′). It is well-known that every CF-

grammarG such thatε 6∈ L(G) can be transformed into an equivalent CF-grammarG′ in the Chomsky
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normal form: all production rules ofG′ are of the formA 7→ v or A 7→ BC, whereA,B,C ∈ NG′ ,
v ∈ ΣG′ .

The categorial grammar from the above example can be replaced with a CF-grammar (in the Chom-
sky normal form) whose production rules are as follows:

S7→ AB,B 7→ BC,

A 7→ Kazimierz,B 7→ teaches,C 7→ excellently,

with SG =S,NG = {S,A,B,C}, andΣG consisting of lexical atoms ‘Kazimierz’, ‘teaches’ and ‘ex-
cellently’. A derivation of ‘Kazimierz teaches excellently’ is:

S⇒ AB ⇒ ABC ⇒∗ Kazimierz teaches excellently.

Every CF-derivation determines a unique phrase structure on the derived string; the above derivation
leads to structure (Kazimierz (teaches excellently)).The p-languageof CF-grammarG (Lp(G)) consists
of all phrase structures of strings fromL(G) which are determined by possible derivations of these
strings. One could also preserve nonterminals appearing in the derivation; the resulting labeled phrase
structure (KazimierzA(teachesBexcellentlyC)B)S is a linear representation of a derivation tree.

A principal difference between categorial grammars and CF-grammars is that the former arelexical,
that means: all particular linguistic information is put in the initial assignment of types to lexical atoms,
and the derivation procedure is based on universal rules, common for all languages, whereas the latter
put the linguistic information in the production rules which underly the derivation procedure.

Lexicality is characteristic of all kinds of categorial grammar: the universal rules for derivation
procedures are provable sequents of some logics, being independent of the particular language. Besides
classical categorial grammars, defined above, there are studied categorial grammars, based on richer
logics, e.g. different variants of the Lambek calculus and substructural logics [21, 22, 4, 8, 27, 10].

Classical categorial grammars are not equivalent to CF-grammars on the level of phrase structures.
LetP (Σ) denote the set of all phrase structures on alphabetΣ. LetL ⊆ P (Σ). We say thatX ∈ P (Σ) is
equivalent toY ∈ P (Σ) with respect toL (writeX ∼L Y ) if, for all Z ∈ P (Σ),Z[X] ∈ L iff Z[Y ] ∈ L
(as usual in logic,Z[X] denotesZ with a distinguished occurrence of substructureX, andZ[Y ] denotes
the result of replacingX with Y in Z). It is well-known [16] thatL = Lp(G), for some CF-grammar
G, iff the relation∼L is of finite index. Bythe external degreeof X ∈ P (Σ) (think of X as a tree)
we mean the length of the shortest branch ofX, andthe degreeof X is the maximal external degree of
substructures ofX. For instance,v is of degree 0,(vw) is of degree 1, and((vw)(v′w′)) is of degree 2.
It is known [7] thatL = Lp(G), for some classical categorial grammarG, iff both ∼L is of finite index
andL is of bounded degree. Consequently, p-languages of classical categorial grammarss form a proper
subclass of the class of p-languages of CF-grammars.

A similar characterization can be given for f-languages generated by classical categorial grammars:
for L ⊆ F (Σ), there is a grammarG such thatL = Lf (G) iff both the relation∼L is of finite index
and all structures inL are of bounded functor degree (one counts the length of functor branches only;
see [7, 8]). Consequently, f-languages of CCGs are regular tree languages. Standard techniques of tree
automata [16] yield the decidability of the emptiness problem, the inclusion problem and the equality
problem for these languages; for a discussion, see [7]. In particular, the inclusion problemLf (G) ⊆
Lf (G′) is decidable, and similarly for p-languages of classical categorial grammars and CF-grammars.
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3. Learning grammars

First, we recall some basic notions of formal learning theory.
A grammar systemis a triple (Ω, E, L) such thatΩ andE are countably infinite sets, andL is a

function fromΩ into the powerset ofE. Elements ofΩ are calledgrammars, elements ofE are called
expressions, andL(G), for G ∈ Ω, is calledthe languageof G. We assume that there exists a recursive
isomorphism ofΩ onto the set of natural numbersω.

A learning functionfor the grammar system is a partial function fromE+ into Ω. Intuitively, the
learning function assigns grammars to finite samples of a language. Let(si)i∈ω be an infinite sequence
of expressions. One says that a learning functionϕ convergeson this sequence toG ∈ Ω if ϕ((si)i≤n)
is defined and equalsG, for all but finitely manyn ∈ ω.

Let G ⊆ Ω. We denoteL(G) = {L(G) : G ∈ G}. A sequence(si)i∈ω is calleda textfor a language
L ⊆ E if L = {si : i ∈ ω}. One says that a learning functionϕ learnsG if, for everyL ∈ L(G) and
every text forL, there isG ∈ G such thatL = L(G) andϕ converges toG on this text. A classG is said
to be (effectively)learnableif there exists a computable learning functionϕ that learnsG; an algorithm
which computesϕ is calleda learning algorithmfor G.

LetL be a class of subsets ofE (languages onE). One says thatL admits a limit pointif there exists
a stricly ascending chain(Ln)n∈ω of languages fromL such that the join of this chain belongs toL. It is
known that ifL(G) admits a limit point thenG is not (even uneffectively) learnable. As a consequence,
if L(G) contains all finite languages and at least one infinite language, thenG is not learnable. This holds
for all standard classes of formal grammars, e.g. regular grammars, CF-grammars, classical categorial
grammars, and so on.

Accordingly, learnability can be gained for some restricted classes only, as e.g. context-sensitive
grammars with at mostk production rules [34]. Kanazawa [18, 19] shows thatk−valued classical cate-
gorial grammars are learnable.

Wright [35] defines the following property of a classL of languages:L hasfinite elasticityif there
exists no pair((si)i∈ω, (Li)i∈ω), si ∈ E, Li ∈ L, such thatsi 6∈ Li but s0, . . . , si ∈ Li+1, for all i ∈ ω.
Kapur [20] proves that finite elasticity entails the following condition:

(D) for everyL ∈ L, there exists a finite setDL ⊆ L such thatL is the smallest languageL′ ∈ L,
satisfyingDL ⊆ L′.

In [10], it is shown that finite elasticity is equivalent to the following:

(D’) for everyL ⊆ E, there exists a finite setDL ⊆ L such that, for everyL′ ∈ L, if DL ⊆ L′ then
L ⊆ L′.

This yields Kapur’s theorem, since (D) follows from (D’). IfL is a closure system, this means:L is
closed under arbitrary meets, thenL satisfies (D’) iff it admits no infinite ascending chains, that means:
there is no infinite sequence(Li), of languages fromL, such thatLi ⊂ Li+1, for all i ∈ ω [10].

Let G ⊆ Ω. We always assume thatG satisfies the following conditions:

(G1)G is recursively enumerable,

(G2) the universal membership probleme ∈ L(G), for e ∈ E,G ∈ G, is decidable.
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If G is recursively enumerable, then there exists a computable sequence(Gn)n∈ω, of all grammars
from G.

If G satisfies (G1), (G2), andL(G) satisfies (D), thenG is learnable [20]. We sketch the proof.

Proof:
We consider two cases.

Case 1. The inclusion problemL(G1) ⊆ L(G2), for G1, G2 ∈ G, is decidable (this holds for
structure languages of categorial grammars and CF-grammars). Let(Gn)n∈ω be a computable sequence
of all grammars fromG. The learning functionϕ is defined as follows. Let(si)i≤n be a finite se-
quence of expressions fromE. One considers grammarsG0, . . . , Gn. One marks those grammarsGj ,
j = 1, . . . , n, which satisfys0, . . . , sn ∈ L(Gj) (if no Gj fulfilling this condition exists, thenϕ is
undefined). Then, one takes the first marked grammarGj whose language is minimal (with respect to
inclusion) among languages of marked grammars (this means, there exists no marked grammarGk such
thatL(Gk) ⊂ L(Gj)), and this grammar is the value ofϕ for the given sequence. Now, let(sn) be a text
for some languageL ∈ L(G). By (D), there exists a finite setDL ⊆ L such thatL is the smallest lan-
guage fromL(G) which containsDL. There isn′ ∈ ω such thatDL ⊆ {s0, . . . , sm}, for allm ≥ n′. Let
Gi be the first grammar in the sequence(Gn) such thatL(Gn) = L. Clearly, for eachm ≥max(i, n′),
Gi will be taken as the value ofϕ for (si)i≤m.

Case 2. The inclusion problem is undecidable (this holds for string languages of classical categorial
grammars and CF-grammars). The construction is similar to the one for Case 1 except that we addition-
ally employ a fixed sequence(en)n∈ω of all expressions fromE and defineEn = {e0, . . . , en}. The
value ofϕ for (si)i≤n is defined as the first marked grammarGj such thatL(Gj)∩En is minimal among
languagesL(Gk) ∩ En, for marked grammarsGk. Now,Gi, defined in Case 1, need not be the value
of ϕ on (si)i≤m, for all m ≥max(i, n′); it may happen thatϕ((si)i≤m) = Gl, for somel < i such that
L(Gl)∩Em = L(Gi ∩Em. This may happen for finitely manym only, sinceL is the smallest language
fromL(G) containingDL. Accordingly,ϕ converges toGi. ut

We have only regarded positive data. Many learning procedures take into account positive and neg-
ative data.A pn-textfor a languageL can be defined as a sequence((en, dn))n∈ω such that(en)n∈ω is a
sequence of all expressions fromE, anddn = 1 if en ∈ L, dn = 0 if en 6∈ L.

It was observed by Gold [17] that any class of grammars satisfying (G1), (G2) is learnable from
positive and negative data. Let(Gn)n∈ω be a computable sequence of all grammars fromG. ϕ is defined
on (ei, di)i≤n as the first grammarGj in the sequence which is compatible with the data. One easily
shows that, for any pn-text forL ∈ L(G), ϕ converges to a grammar forL.

Many results in formal learning theory were obtained by analogous methods; the main technical issue
was to prove finite elasticity of a class of languages. Algorithms based on the search for the first grammar
in the sequence of all grammars which is compatible with the data have some drawbacks. Clearly,
the procedure of running a computable sequence of all grammars from some infinite class is strongly
inefficient. To exhibit other drawbacks, we use some ideas of rough set theory of Pawlak [30, 31], namely
a representation of a set of objects by two sets: the lower approximation and the upper approximation of
this set.

LetL be a class of languages. For a languageL ∈ L and a setD ⊆ L, the lower approximationand
the upper approximationof L determined byD (with respect toL) are defined as follows:

LAL(L,D) =
⋂
{L′ ∈ L : D ⊆ L′}; UAL(L,D) =

⋃
{L′ ∈ L : D ⊆ L′}.
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These definitions seem very natural. If we merely know that expressions fromD belong toL, andL ∈ L,
then precisely the expressions from LAL(L,D) necessarily belong toL on the basis of our knowledge,
and precisely the expressions from UAL(L,D) possibly belong toL on the basis of our knowledge. We
write LAG(L,D) for LAL(G)(L,D), and similarly for UA.

The learning algorithms, described above, compute neither LAG(L,D), nor UAG(L,D), if D ⊆ L
is the set of input data. IfGi is the first grammar from(Gn), compatible withD, then LAG(L,D) ⊆
L(Gi) ⊆UAG(L,D), but these inclusions do not justify any new positive or negative inference about the
extent ofL which is not transparent in the input data. Of course, when the algorithm finds the proper
grammar forL, the grammar produces the lower approximation ofL determined by the input data. The
problem is that the learner usually does not know that the proper grammar has just been found; she cannot
exclude that larger data will enforce the change of the hypothesis. Only for very special cases, e.g. if one
learns from positive data, andL(Gi) has been proved to be maximal inL(G), one can conclude that the
learning procedure has been finished.

4. Learning by unification

We show below that algorithms based on unification, proposed in [6, 11] and further elaborated by
Kanazawa [18, 19], Marciniec [24, 25] and others, do compute both the lower and the upper approxima-
tion of the searched language.

First, we demonstrate these algorithms for classical categorial grammars (learning from structures).
Let us consider the grammar system(Ω, E, L) such thatΩ is the class of classical categorial grammars
(with a fixed lexiconΣ), E = F (Σ), andL(G) = Lf (G), for G ∈ Ω. We assume that all grammars in
Ω have the same principal type S. SinceΣ and S are fixed, a grammarG can be identified withIG.

First, we recall a unification-based learning procedure from [11]. LetD ⊆ F (Σ) be a nonempty,
finite set. We define a grammar GF(D), calledthe general form of a grammarfor D. S is treated as a
constant, whereas other atomic types are treated as variables. We assign S to all structures fromD and
distinct variables to all occurrences of argument substructures of these structures. Then, we assign types
to functor substructures of these structures according to the rules:

(fr) if (XY )2 is assignedB andX is assignedA thenY is assignedA\B,

(fl) if (XY )1 is assignedB andY is assignedA thenX is assignedB/A.

GF(D) contains all assignmentsv 7→ A obtained in this way, forv ∈ Σ; the principal type of GF(D)
is S.

Let us consider an example. LetD consist of structures (Joan works)2 and (Joan (works hardly)2)2.
One assigns type S to these structures and the types:x to ‘Joan’ (in the first structure),y to ‘Joan’ (in the
second structure),z to ‘works’ (in the second structure). By (fl), one assigns:x\S to ‘works’ (in the first
structure),y\S to (works hardly)2, andz\(y\S) to ‘hardly’. Accordingly, GF(D) yields the assignment:

Joan7→ x, y, works 7→ z, x\S, hardly7→ z\(y\S).

It is easy to show thatLf (GF(D)) = D [11]. For our purposes, GF(D) is the input of a further
procedure of unification.
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A substitutionis a mapping from variables to types; it is naturally extended to a mapping from
types to types. IfG is a grammar, andσ is a substitution, thenGσ is a (unique) grammarH such that
H : v 7→ Aσ, wheneverG : v 7→ A. We haveLf (G) ⊆ Lf (Gσ), for allG, σ. ForG,G′ ∈ Ω, we write
G ⊆ G′ if IG ⊆ IG′ . If G ⊆ G′ thenLf (G) ⊆ Lf (G′). The following lemma has been proved in [11].

Lemma 4.1. Let D ⊆ F (Σ) be nonempty and finite. Then, for everyG ∈ Ω, D ⊆ Lf (G) iff there
exists a substitutionσ such thatGF (D)σ ⊆ G.

The ‘if’ part is easy:D ⊆ Lf (GF(D)) ⊆ Lf (GF(D)σ) ⊆ Lf (G). For the ‘only if’ part, observe
that any grammarG such thatD ⊆ Lf (G) assigns some types to all substructures of the structures from
D. More strictly, for anyX ∈ D, we fix a derivation ofX 7→GS. We define a substitutionσ in the
following way: if x is the variable assigned toY by the construction of GF(D), Y is a substructure of
X, andY 7→G A is a part of the fixed derivation ofX 7→GS, thenxσ = A. Since (fl), (fr) reverse the
rules defining7→G, one can show GF(D)σ ⊆ G.

We employ standard notions of the theory of unification in a slightly modified version.
Let T be a nonempty, finite family of finite sets of types. A substitutionσ is calleda unifierof T , if,

for anyT ∈ T and allA,B ∈ T , we haveAσ = Bσ (so,σ unifies each setT ∈ T but not necessarily
the join of these sets). If a unifier ofT exists, thenT is said to beunifiable. σ is calleda most general
unifier (m.g.u.) ofT , if it is a unifier of T and, for any unifierα of T , there is a substitutionβ, such
thatα = σβ (in our notation,A(σβ) = (Aσ)β). A standard algorithm of unification (see e.g. [23]) can
easily be adapted to yield an m.g.u. ofT , if T is unifiable, or to reply NO, ifT is not unifiable.

For a categorial grammarG with the initial type assignmentIG, we define a family:T (G) =
{IG(v) : v ∈ Σ}. For a nonempty, finite setD ⊆ F (Σ), we defineT (D) = T (GF(D)). Let Gk

denote the class ofk−valued categorial grammars (onΣ). In [6, 11], the following fact has been proved.

Proposition 4.1. LetD ⊆ F (Σ) be nonempty and finite. There exists a1−valued categorial grammar
G such thatD ⊆ Lf (G) if and only if T (D) is unifiable. Ifσ is an m.g.u. ofT (D), thenLf (GF(D)σ)
is the smallest f-languageL in the class{L ∈ Lf (G1) : D ⊆ L}.

The proof of proposition 1 uses lemma 1. Since an m.g.u. ofT is unique up to variants, then the
resulting grammar GF(D)σ is unique up to isomorphism (renaming of variables). IfT (D) is unifiable,
then one defines RG(D) =GF(D)σ, whereσ is an m.g.u. ofT (D). The grammar RG(D) is calledthe
rigid (categorial) grammar determined byD. By proposition 1,Lf (RG(D)) is the smallest f-language
in the class of all f-languages of rigid (1-valued) categorial grammars which containD.

We return to the example at the beginning of this section.T (D) consists of the sets:{x, y}, {z, x\S},
{z\(y\S)}. It is unifiable, and its m.g.u.σ is given by: yσ = x, zσ = x\S. RG(D) yields the
assignment:

Joan7→ x, works 7→ x\S, hardly7→ (x\S)\(x\S).

The classLf (G1) (with a fixed Σ) admits no infinite ascending chains [18, 19]. This class en-
riched with the total f-languageF (Σ) is a closure system [10], so it has finite elasticity. The function
ϕ((X0, . . . , Xn)) =RG({X0, . . . , Xn}) learnsG1 [18] (caution: isomorphic grammars are treated as
equal). To avoid the latter assumption one can modify the definition ofϕ:

(ϕ1)ϕ((X0) =RG({X0}).
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(ϕ2)ϕ((X0, . . . , Xn+1)) = ϕ((X0, . . . , Xn)), if Xn+1 belongs to the f-language ofϕ((X0, . . . , Xn)),
and it equals RG({X0, . . . , Xn+1}), otherwise.

A binary relationR is said to befinitely valuedif, for all x, the set{y : (x, y) ∈ R} is finite. Let
R ⊆ E × E′. ForL ⊆ E′, one definesR−1[L] = {e ∈ E : (∃e′ ∈ E′)(e, e′) ∈ R}. For a classL, one
definesR−1[L] = {R−1[L] : L ∈ L}. Using the K̈onig lemma, Kanazawa [18, 19] proves the following
theorem on finite elasticity: ifR ⊆ E × E′ is finitely valued, andL has finite elasticity,L is a class of
subsets ofE′, thenR−1[L] has finite elasticity.

As a consequence, each classLf (Gk), k ≥ 1, has finite elasticity [18, 19]. LetΣ = {v1, . . . , vn}.
Eachvi is replaced byk new symbolsvj

i , j = 1, . . . , k. Let Σ′ consist of all new symbolsvj
i . A relation

R ⊆ F (Σ)×F (Σ′) is defined as follows:(X,X ′) ∈ R iff X arises fromX ′ by replacing eachvj
i by vi.

Clearly,R is finitely valued. One easily showsLf (Gk) = R−1[Lf (G1)] (hereGk consists of grammars
onΣ, whileG1 consists of grammars onΣ′).

Consequently,Gk is learnable (from f-structures). A concrete learning algorithm, given in [19], uses
the following construction.

Let T be a family of sets. A familyT ′ of nonempty subsets of sets fromT is calleda partition of
T if, for any T ∈ T , the family{T ′ ∈ T ′ : T ′ ⊆ T} is a partition ofT in the standard sense. IfT ′

divides eachT ∈ T in at mostk parts, thenT ′ is called ak−partition ofT . One defines the set VGk(D)
as the set of all grammars GF(D)σ such thatσ is an m.g.u. of somek−partition ofT (D). A partial
computable functionψ (the domain ofψ is recursive) is defined as follows:ψ(D) picks a grammar
G ∈VGk(D) such thatLf (G) is minimal among all f-languagesLf (G′), G′ ∈VGk(D), if VGk(D) is
nonempty. Then, a learning functionϕ for Gk is defined by (ϕ1), (ϕ2) with replacing RG byψ.

In a similar way one shows thatGk is learnable from p-structures and from strings [19]. The crucial
observation is that the class of p-languages (resp. languages) of grammars fromGk has finite elasticity,
which follows from the finite elasticity of the class of f-languages of these grammars and the theorem on
finite elasticity.

5. Main results

In this section we show that unification-based learning procedures can compute both LAG(L,D) and
UAG(L,D), whenever the classG satisfies (G2) and some additional constraints.

A substitutionα induces an equivalence relation≡α on types:A ≡α B iff Aα = Bα. Each
equivalence relation≡ on types partitions any setT , of types, in equivalence classes (restricted toT ).
We defineT/ ≡= {[A]≡ ∩ T : A ∈ T}. For a familyT of sets of types, we define:

T / ≡= T1/ ≡ ∪ · · · ∪ Tn/ ≡, for T = {T1, . . . , Tn}.

This family is calledthe partitionof T determinedby≡.
Let Ω be the class of categorial grammars onΣ. We assume thatG ⊆ Ω satisfies (G2) and the

following conditions:

(G1’) G is recursive and closed under isomorphism (renaming of variables),

(G3) if G ⊆ G′ andG′ ∈ G thenG ∈ G,
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(G4) for any finite setD ⊆ F (Σ) and any substitutionα, if GF(D)α ∈ G then GF(D)σ ∈ G, for any
m.g.u.σ of TD/ ≡α.

(G3) and (G4) are generalizations of some conditions, considered in [24]. Notice thatα is a unifier
of T / ≡α, whence an m.g.u. of the latter family always exists. No result of this section depends on (G2),
but this constraint is needed for standard learning algorithms (also see conditions (ϕ1),(ϕ2) in section 4).

Each classGk, k ≥ 1, satisfies these conditions. It is easy to prove (G1’), (G2), (G3). We show (G4).
Assume GF(D)α ∈ Gk. Then,T (D)/ ≡α is ak−partition ofT (D) (see section 4). Ifσ is an m.g.u. of
thisk−partition, then GF(D)σ ∈ Gk.

Classes of grammars, satisfying (G1’)-(G4), are closed under intersection (of classes).So, one can
restrict the classesGk by additional constraints.

The orderof typeA (o(A)) is defined as follows [7]:

o(p) = 0, for variablesp; o(A\B) = o(B/A) = max(o(B), o(A) + 1).

The orderof G (o(G)) is the maximal order of types inIG. The class of allG ∈ Ω such thato(G) ≤ n,
for a fixedn ≥ 0, satisfies (G1’)-(G4) (for (G4), use the inequalityo(A) ≤ o(Aα), for all typesA
and substitutionsα). Then, the class ofk−valued grammars of order not greater thann satisfies our
conditions. Forn ≥ 1, the class of categorial grammars of order not greater thann is not learnable, since
it yields all f-languages of categorial grammars [7].

Let G ⊆ Ω andD ⊆ F (Σ) be nonempty and finite. We define a set of grammars OUTG(D) as the
set of all grammars GF(D)σ such thatσ is an m.g.u. of some partition ofT (D) and GF(D)σ ∈ G. Up
to isomorphism, it is a finite set of grammars.

Lemma 5.1. If G satisfies (G1’), then OUTG(D) is effectively computable fromD.

Theorem 5.1. LetG satisfy (G3), (G4). For anyL ∈ Lf (G) and any nonempty, finiteD ⊆ L, there hold
the equalities:

LAG(L,D) =
⋂
{Lf (G) : G ∈OUTG(D)},

UAG(L,D) = {X ∈ F (Σ) :OUTG(D ∪ {X}) 6= ∅}.

Proof:
We prove the first equality. By lemma 1,D ⊆ Lf (G), for anyG ∈OUTG(D), whence the inclusion
⊆ holds. We prove the converse inclusion. LetX 6∈LAG(L,D). Then,X 6∈ Lf (G), for someG ∈ G
such thatD ⊆ Lf (G). By lemma 1, there is a substitutionα such that GF(D)α ⊆ G. By (G3),
GF(D)α ∈ G. Letσ be an m.g.u. ofT (D)/ ≡α. By (G4), GF(D)σ ∈ G, and consequently, the grammar
belongs to OUTG(D). There exists a substitutionβ such thatα = σβ. Consequently,Lf (GF(D)σ) ⊆
Lf (GF(D)α) ⊆ Lf (G), whenceX 6∈ Lf (GF(D)σ), which finishes this part of proof.

We prove the second equality. LetX ∈UAG(L,D). Then,X ∈ Lf (G), for someG ∈ G such
thatD ⊆ Lf (G). By lemma 1, there is a substitutionα such that GF(D ∪ {X})α ⊆ G. By (G3),
GF(D ∪ {X})α ∈ G, and by (G4), GF(D ∪ {X})σ ∈ G, for any m.g.u.σ of T (D ∪ {X})/ ≡α. So,
OUTG(D ∪ {X}) 6= ∅. The converse inclusion is obvious. ut
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If G satisfies (G1’), (G3) and (G4), then both LAG(L,D) and UAG(L,D) are computable fromD ⊆
L. Since f-languages of categorial grammars are effectively closed under finite meets, then LAG(L,D)
can be presented asLf (G), for some categorial grammarG. Caution: forG = Gk, this grammarG
need not bek−valued. UAG(L,D) is a recursive f-language; it can be presented by means of a Turing
machine.

There appears a danger of triviality. IfG is the class of all categorial grammars or the class of all
categorial grammars of order not greater thann, then LAG(L,D) = D, for all L ∈ Lf (G) and all
nonempty, finiteD ⊆ L. It is not the case ifL(G) has finite elasticity. The next proposition uses the
general terminology and notation of section 3.

Proposition 5.1. LetL(G) satisfy the condition (D) from section 3. LetL ∈ L(G),L = {sn}n∈ω. Then,
there existsn ∈ ω such that LAG(L, {s0, . . . , sm}) = L, for allm ≥ n.

Proof:
By (D), there exists a finite setDL ⊆ L such thatL is the smallest language inL′ ∈ L(G) such that
DL ⊆ L′. There existsn ∈ ω such thatDL ⊆ {s0, . . . , sn}. The least integern, having this property,
fulfills the demands of the proposition. ut

We consider an example. LetD consist of three English sentences (in the form of f-structures):

1. (Kazimierz teaches)2,

2. (Kazimierz (teaches (a logician)1)1)2,

3. ((a logician)1(teaches Kazimierz)1)2.

GF(D) yields the following type assignment:

Kazimierz 7→ x, y, z, teaches7→ x\S,(x\S)/u, (w\S)/z,

logician 7→ p, q, a 7→ u/p, w/q.

T (D) is not unifiable (see the first two types of ‘teaches’). LetΣ be the set of four words, appearing
in these sentences. LetG be the set of categorial grammars onΣ which assign at most two types to
‘teaches’ and at most one type to each of the remaining words. SinceG ⊆ G2, thenLf (G) has finite elas-
ticity (this property is preserved by subclasses). By proposition 2, our algorithm, computing LAG(L,D)
acts nontrivially onG. For the setD, as above, OUTG(D) consists of a unique grammarH:

Kazimierz 7→ x, teaches7→ x\S,(x\S)/x,

logician 7→ p, a 7→ x/p.

One can treatx as the type of noun phrase andp as the type of common noun. Then,x\S is the
type of intransitive verb and(x\S)/x of transitive verb. For anyL ∈ Lf (G) such thatD ⊆ L, we have
LAG(L,D) = Lf (H); this set consists of six f-structures: the three f-structures fromD, ((a logician)1
teaches)2, (Kazimierz (teaches Kazimierz)1)2, ((a logician)1(teaches (a logician)1)2. These structures
must belong to every f-languageL ∈ Lf (G) such thatD ⊆ L. It can also be shown that (teaches
Kazimierz)1 does not belong to UAG(L,D). LetX denote this f-structure. GF(D ∪ {X}) assigns a new
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type S/r to ‘teaches’ (typer to ‘Kazimierz’). Now, we have four types of ‘teaches’, and three of them
are pairwise not unifiable. Consequently, OUTG(D ∪ {X}) = ∅.

Let us notice that (a logician)1 belongs to UAG(L,D), according to the above example (one can
unify x and S). This is a linguistic nonsense. One can eliminate this possibility by introducing a negative
constraint (a logician)2 67→S. Then, one considers classes of categorial grammars, fulfilling this constraint.
In [24, 14], it has been shown that the unification-based learning algorithms can be relativized to classes
of grammars, restricted by various negative constraints. Also, the results of the present paper remain
true, if one admits positive and negative data, say of the formD = (Dp, Dn), whereDp, Dn are disjoint,
finite sets. We writeD v L if Dp ⊆ L andDn∩L = ∅. This relation can be used instead ofD ⊆ L, and
all definitions and results can be modified in this style. We omit details. It is noteworthy that computing
LA and UA with the aid of negative data requires similar assumptions onG as for the case of positive
data only. So, it is not the case that every class of grammars, fulfilling (G1) and (G2), admits an effective
computation of LA and UA by unification (this contrasts with general results on learnability, discussed
in section 3).

We naturally come to an idea of approximate learning.An approximate learning functionfor G is
defined as a functionϕ, which to any nonempty, finite setD ⊆ E assigns a finite set of grammars from
G, satisfying the conditions:

(AL1) for anyG ∈ ϕ(D),D ⊆ L(G),

(AL2) for everyL ∈ L(G), if D ⊆ L then there existsG ∈ ϕ(D), fulfilling L(G) ⊆ L.

If G fulfills (G3), (G4), then the functionϕ(D) =OUTG(D) satisfies (AL1), (AL2) (see the proof of
theorem 1). Ifϕ is an approximate learning function forG, then, for anyL ∈ L(G) and allD ⊆ L, we
have:

LAG(L,D) =
⋂
{L(G) : G ∈ ϕ(D)}.

We say that an approximate learning functionϕ for G learnsG, if, for anyL ∈ L(G) and any text
(sn)n∈ω for L,

⋂
{L(G) : G ∈ ϕ({s0, . . . , sn})} = L, for all but finitely manyn ∈ ω.

Theorem 5.2. Let ϕ be an approximate learning function forG. Then,ϕ learnsG if and only if L(G)
satisfies (D).

Proof:
Assume thatϕ learnsG. Then, LAG(L, {s0, . . . , sn}) = L, for anyL ∈ L(G), any text(sn) for L, and
for somen, depending on the text. The setDL = {s0, . . . , sn} fulfills the demands of (D). Assume that
L(G) satisfies (D). FixL ∈ L(G) and a text(sn) for L. LetDL be as in (D). There existsn ∈ ω such
thatDL ⊆ {s0, . . . , sn}. Clearly, LAG(L, {s0, . . . , sm}) = L, for allm ≥ n. ut

An analogue of theorem 1 is true for string languages. We must modify the construction. IfD ⊆ Σ+

is nonempty and finite, then we consider all possible setsD′ ⊆ F (Σ) arising fromD after one has
defined some f-structure on each string fromD (this is a finite family of sets of f-structures). We define
OUTG(D) as the join of all sets OUTG(D′), the latter being defined as above.

Theorem 5.3. Let G satisfy (G3), (G4). Then, for anyL ∈ L(G) and any nonempty, finiteD ⊆ L, there
hold the equalities:
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LAG(L,D) =
⋂
{L(G) : G ∈OUTG(D)},

UAG(L,D) = {a ∈ Σ+ :OUTG(D ∪ {a}) 6= ∅}.

Proof:
The proof is similar to the proof of theorem 1. ut

Assuming (G1’), one can effectively compute OUTG(D) from D, and consequently, LA and UA.
String languages of categorial grammars are not closed under meet, whence the values of LA are re-
cursive languages but not necessarily CF-languages. (It would be interesting to find some examples.)
Learning from p-structures can be handled in a similar way (now, LA yields p-languages of categorial
grammars).

Unification-based learning is not restricted to categorial grammars. For CF-grammars, we can use
similar methods. We briefly consider learning from p-structures.Ω denotes the set of all CF-grammars
with the terminal alphabetΣ. E denotes the set of all p-structures onΣ.

LetD ⊆ E be nonempty and finite. We assignS to all structures fromD and different variables to
proper substructures of these structures. GF(D) is a CF-grammar whose production rules are determined
by these labeled structures.

For example, ifD contains (Joan (works hardly)), then one assignsx to ‘Joan’,y to (works hardly),
z to ‘works’, andu to ‘hardly’. GF(D) contains the productions:

S7→ xy, x 7→Joan,y 7→ zu, z 7→works,u 7→hardly.

In general, GF(D) contains all production rules, obtained in this way from p-structures inD. The
set of these rules is denoted byR(D).

Substitutions are restricted to variable-to-variable substitutions. GF(D)σ arises from GF(D) by
replacing each variablex by xσ (in rules fromR(D)). An analogue of lemma 1 is true. Partitions
are defined onR(D). A substitutionα determines an equivalence relation≡α on R(D): two rules
are equivalent iffα makes them identical. One naturally defines a unifier and an m.g.u. of a partition
of R(D). Then, conditions (G1), (G1’), (G2)-(G4) can be adapted to the case of CF-grammars in a
straightforward way, and similarly for the construction of OUTG(D). All results of this section and
analogues of learnability results from section 4 can easily be proved. In particular, the class of CF-
grammars onΣ, admitting at mostk production rules, is learnable both from p-structures and from
strings, and one can compute LA and UA for this class.

Context-sensitive grammars (CS-grammars) admit productions of the formbAc 7→ bac, whereA
is a nonterminal,a, b, c are strings of symbols,a 6= ε. CS-grammars determine p-structures on deriv-
able strings, but p-structures (even labeled by nonterminals) do not uniquely determine derivations. The
method, described above for CF-grammars, can be extended to CS-grammars, if the number of produc-
tion rules is bounded.

It is known that categorial grammars based on the (associative) Lambek calculus are not learnable
from strings, nor structures [3]. On the other hand, approximate learning can lead to interesting results
also for grammars based on different variants of the Lambek calculus. We leave this problem for further
research.
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